704

a simple numerical method. Any combination of k and
k' implies some g value by energy conservation, and
the distribution of crystallite orientations means that if
the vectors k, T and q can form a triangle then there are
some crystal grains which can produce phonon
scattering. For a single crystal, the restriction of the
fixed crystal orientation means that the allowed (k.,k')
values will not necessarily be represented by points on
the grid which we use. In addition, a study of TDS in a
single crystal requires a knowledge of the resolution
function of the spectrometer.
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Abstract

The concept of generalized representation for structure
seminvariants is introduced. When a structure semin-
variant is estimated via a generalized representation an
amount of a priori information can be exploited larger
than that accessible via the mere representation.

1. Introduction*

Hauptman (1975) first suggested that a s.i. or a s.s. can
be estimated with increasing reliability via a sequence
of sets of diffraction magnitudes (sequence of nested
neighbourhoods) each contained within the succeeding

* Symbols and abbreviations are defined in the Appendix.
0567-7394/80/040704-08%01.00

one. Independently, Giacovazzo (1975) had already
applied the idea to the one-phase s.s.’s in P1, whose
estimation was performed via the magnitudes in their
second neighbourhoods. Hauptman (1976) described
heuristic methods of finding sequences of nested
neighbourhoods for certain s.i.’s or s.s.’s.

A more general method for estimating s.s.’s was
described by Giacovazzo (1977) (from now on, paper
I). For any s.s. @, the method arranges in a general
way the set of reflections in a sequence of subsets
whose order is that of the expected effectiveness (in the
statistical sense) for the estimation of @. These subsets
do not coincide in general with the corresponding
nested-neighbourhood sequence given by Hauptman
and were called phasing shells in order to stress this
difference. Giacovazzo’s method introduces the idea
that any s.i. or s.s. @ can be represented by one or

© 1980 International Union of Crystallography
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more sets { ¥} of s.i.’s ¥ whose values are related to @
by constants which arise because of translational
symmetry. If the ¥’s are evaluated then @ is evaluated
too. Any set { ¥} is called a representation of @.

A general comparison between neighbourhood and
representation concepts has been made (Giacovazzo,
1980a; from now on, paper II). New theoretical aspects
of the representation theory were there presented. In
particular: (@) some algebraic properties of the s.s.’s
of first and of second rank are described which make
practical application easier and the probabilistic
estimations of the s.s.’s more reliable; (b) the concepts
of generalized first representation and of generalized
first phasing shell are introduced which enable one, in
favourable cases, to exploit new information into
probabilistic calculations. In the present paper we
introduce the concept of generalized upper rep-
resentations and apply it to the probabilistic estimation
of the s.s.’s of first rank.

It was recognized in paper II that the concept of
generalized first representation is of minor importance in
the procedures for the estimation of the s.i.’s. There-
fore in this paper no attempt to apply the concept of
generalized representations to s.i.’s is made.

In order to make the reading of this paper easier, we
recall in § 2 some basic definitions in representation
theory. In §§ 3 and 4 the generalized representations of
the one-phase s.s.’s of first rank are defined. The same
is done in § § 5 and 6 for the two-phase and the three-
phase s.s.’s of first rank. The definition of the
generalized representations for s.s.’s of higher order is
strictly recursive and does not present any difficulty.

2. Some basic definitions in representations theory

Let

¢=A,(phl+A2(phz+...+An(phn (N

be the general expression for a s.s.

2.1. The rank of the s.s. @

If at least one phase ¢, and two symmetry operators
C, and C, exist (R}, may or may not be experimentally
measured) such that

¥ =@ + ¢ur,— Oy,
=A, Qpr, + A Opr,+ -+ A, Pur, + Pur,— iR,

(2)
is a s.i., then @ is a s.s. of first rank. If @ is a s.s. for
which (2) does not hold, then two phases ¢, and ¢,
four symmetry operators C,, C,, C;, C; exist (R, and
R, may or may not be experimentally measured) such
that

¥, =@+ ¢wr,— 1, + PR, ™ Pr,
=A, @pr,t ot Ay Pur + Onr,— Pr, + P,
— O, (3)
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is a s.i. In this case @ is said to be a s.s. of the second
rank. )

Thus, @ = @, is a s.s. of the first rank in Pl, of the
second rank in P2,2,2,.

2.2. The first representation of the s.s. @

The first representation of @ is the collection of the
s.i’s ¥, as given by (2) or (3) according to whether @
is a s.s. of the first or of the second rank. In both cases
the first representation of @ will be denoted by {¥},.
Since

4

any ¥, differs from @ by a constant which arises
because of the translational symmetry.

@pr = @y— 27hT,

2.3. The first phasing shell

The collection of the | E1 magnitudes which are basis
or cross magnitudes of at least one s.i. ¥, e { ¥}, is the
first phasing shell of @ and is denoted by {B},.

2.4. The upper representations of @
For any ¥, belonging to { ¥}, we construct the s.i.’s
Y=Y+ ¢— 0

where k is a free vector. The collection of the s.i. ¥,’s is
denoted by {¥}, and is said to be the second
representation of @. Likewise, the collections of the
si’s ¥, = ¥, + ¢,— ¢, where lis a free vector, is the
third representation of ¢@. The procedure and the
definitions are recursive.

2.5. The upper phasing shells of ®

The collection of the | E| magnitudes which are basis
or cross magnitudes of at least one s.i. ¥, e { ¥}, is the
nth phasing shell of @ and is denoted by {B},.

A general procedure which is able to obtain {B}, for
any @ is described in paper 1L

2.6. The generalized first phasing shell of @
Let @, @', @", ... be a set of s.s.”s for which one or
more sequences
=@ + P +...

can be found. The set theoretic union

{B}f={B}1U{B'}IU{B"}IU--- (5)
is said to be the generalized first phasing shell of @
provided that @, @’, @”, ... constitute a multipole
whose order with respect to @ is the same as that of the
phase relationship associated with @.
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In order to give a numerical example in P1, let @ =
020 + Qgss- Its first representation is the collection of
the special quartets

¥\ = Qo + Pses — Passa — Pass

Y1 = 00— Pess + P21a + P14
and its first phasing shell is
{B}l = {R2409 Regess Rysas Raras R8,10.8’ Rz b

Since @' = @, and @"" = g5 are one-phase s.s.’s of
first rank, the first phasing shells {B'}, = {R,40, Rz}
and {B""}, = {Rgss> Rj3s} arise. Then, in accordance
with (5),

{B}% = {R240’ R668’ R454’ R214’ R8,10,8’ R428’ RIZO’ R334 }‘

In paper II, the concept of the generalized first
phasing shell was further enlarged by observing that
information about @ can be obtained by means of very
special s.i.’s which estimate 2. Thus, if @ = ¢, + ¢y,
then (see also Hauptman & Green, 1978)

V' = @p,+ Qnr,* Pn,+ Ou,r, (b, + hy)(I + R,) =0,

(6)

is a quartet and its value equals 2@ + a, where a is a
constant which arises because of translational sym-
metry. Since a is a known quantity the value of ¥’ can
fix (with some ambiguity) that of &. As a further
example, let @ = ¢, + ¢y, + ¢y Then

¥Y'= @+ Qur,+ On,+ Onr,* Pn,+ PR @)

with (b, + h, + h))(I + R,) = 0, is a sextet whose
value, because of (4),is 2@ + a.

We are therefore justified in assuming that the
generalized first phasing shell of @ contains also the
magnitudes belonging to the first phasing shells of the
s.i’s ¥ as given by (6) or (7) when @ is a two- or
three-phase s.s. respectively. The conclusion may be
generalized to the n-phase s.s.’s.

3. The generalized second phasing shell for one-phase
s.s.’s of first rank

@ = @,, is a s.s. in P1. In accordance with § 2 its first
and second representations are given by

{¥} = 0m— 0n— 00

{¥} = {om— 0n— 0u— 0+ 0l
from which

{B},: {RZm Rh}s

{B}z= {tha Ry Ry, RhilnRZhik}'

PROGRESS IN REPRESENTATIONS THEORY

However, the quintets in the set
(¥}, =1{om— Onk— Onk— O — o}
also give information about ¢,,, which now depends on
{B'}, = {Ramw Ry Rysio Rio Ron—io Ronzi Rarc}-

If k and —k are used in { '}, then ¢,, may be estimated
via the generalized second phasing shell

{B}s={B},u {B'},
= {th, Rh’Rk’ Rhik’ RZhik’ Rzka R2h12k}- (8)

The procedure may be extended to any space group in
the following way. Denoting a general one-phase s.s. by
D = @y = Pnq_r,) its first and second representations
are the sets

)
(10)

{¥P} = {ou—on+ (th,,}’

{Ph,={ou—on+ Onr, + Ok — ok
from which

{B}l = {RH, Rh}9
{B}zz {RH, Rh, RksRﬂithithR,,t k}'

It may be noted that when R, # —I, h is a free vector
under the condition (Giacovazzo, 1978a)

h(1—R,) =H. (11)
Thus, in P2, if H = (408) then h = (2k4), where k is a
free index. We will denote by {h} the set of the vectors
h which satisfy (11) and by {R,} the corresponding set
of observable magnitudes.

Let us now recall a more useful expression for { ¥},
and {B},. In a centrosymmetric space group of order m
for fixed h € {h} and k, one may construct the set of
special quintets

Yo=0u— 0n+ Owr,— Or,* Oury J= 1,00 m/2.
(12)

In (12), j varies over the subset of matrices not related
by the centre of symmetry. The second representation
of ¢y is then the collection of the special quintets (12)
obtained when h varies over {h} and k only over the
asymmetric region of reciprocal space. The cross
magnitudes of any ¥, are then

RH:kR,’ RhikR,’ RhR,,i—kR,a Jj=1..,m/2.
Since E,g .y, is symmetry equivalent to Ey g, where
R; =R, R}, the second phasing shell of ¢y reduces to
{B},={Ru, R\ Ry RhikR; RH+kR,’ J=1..,m
(13)
In a non-centrosymmetric space group, for fixed h e
{h} and k the quintets

Y,=0u— On+t Opr,— Or,+ Oar, J=1,...m
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may be constructed, whose second phasing shell is

{B}z ={Ry Ry, Ry Rhth,’ RHthJ’ Jj=1..,m}
(13"
If the fictitious (not belonging to the space group)
symmetry operators C,.; = (=R, —=T), j=1,...,m
are introduced, then (13’) can be written down as (13)
provided m’ = 2m replaces m.
The study of the joint probability distribution

P(EHs {Eh}, {Ek}, {Eh+kRj}a {Eh+kRj}a Jj=1,...,m),

(14)
is therefore suggested by (13) and (13’), where m’ = m
for centrosymmetric and m' = 2m for non-centro-

symmetric space groups. Giacovazzo [1978a; see
equations (36) and (40)] obtained from (14) prob-
abilistic expressions which estimate ¢ in all the space
groups. Practical applications of these formulae (Burla,
Nunzi, Polidori, Busetta & Giacovazzo, 1980) showed
that the estimates obtained via the second rep-
resentation are remarkably more accurate than those
via the well known ), relationships.

We observe now that, besides (10), the special
quintets

)= 0u— Qi+ Omenr, + Ox— O,

also give information about ¢ The important struc-
tural difference between the quintets ¥, and ¥} is that
the ¥,’s are constructed by adding and subtracting to
the triplets in the first representation of ¢, the phases
¢, whereas the ¥J’s are the sum of a special three-
phase s.s. and of a constant arising because of
translational symmetry (i.e. ¢, — ¢,z ). The phasing
shell which arises from { "1, is the set

{B'}z = {RH’ Ry, Ry RH+k$RhR,+k’ Rh+kR,,’ R H-kR,
RH+k(|—Rn), Rh+k(l+Rn)’ RhR,,+k([+R,.)’ Rk([_ Rn)}.

Let us now find more useful expressions for {¥'}, and
{B'},. In a centrosymmetric space group, for fixed
h € {h} and k, one may construct the set
(¥}, = {ou— Ohekr, T Phekr )R, T Pkr, ™ Pkr R,
Jj=1,..,m/2}. (15)

In (15), j varies over the subset of matrices not related
by the centre of symmetry. After suitable algebriac
treatment, the set of magnitudes in the phasing shells of
the quintets in (15) may be written as

{B'};=1{Ru, Ry Rio Rpiry Ruvkry Ruci-r,y
Ry oy Ruwa-ry J=1 .0 m}.
(16)

In a non-centrosymmetric space group, for fixed
h € {h} and k, one may construct the set of quintets

(¥ ={on— Phekr, T Phakr)R, T Pkr, — Pkr R,
ji=1,..,m}.
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The set of magnitudes in their phasing shells is
{B’ }2 ={Ru Ry Ry RhikR,a RHth,’ Ryi-r,
Ryiwrasry Ruskra-ry J=1 ... mj.
(17)

As for the second representation, we introduce the

fictitious (not belonging to the space group) symmetry

operators C,,, ;= (—R;, — T)), j = 1, ..., m. Then, (17)

can be written as (16) provided m’ = 2m replaces m.
The set theoretic union

= {RH’ Ry, Ry, Rh+kR/’RH+kR,’ Rk(l—Rn)’

Rh+kk,(1+k,,)a RH+kR,(l- R,) Jj=1.. m’}

(18)
is defined to be the generalized second phasing shell of
¢y- In (18), m' = m or m’ = 2m according to whether
the space group is centro- or non-centro-symmetric.

In accordance with this definition, the generalized
second representation of ¢y is the set theoretic union

{Pis={¥},uiwl,.

This result suggests the study of the joint probability
distribution

P(EH’ {Eh}a {Ek}, {Eh+kRJ}, {EH+kRJ}’ {Ek([_R")},
{Eh+kR/(|+R")}, {EH+le(]—-R”)}, j= ls eeey m’), (19)

where {E,} is the set of structure factors whose indices
belong to {h}, {E,} is any chosen set in the asymmetric
region of reciprocal space, and {E,.g}s .-
{E H,,,(RI(,_R")} are sets obtainable according to the
specified conditions on h and k.

Distribution (19) is able to exploit the knowledge of a
number of magnitudes larger than that considered in
(14). Since the information is of order 1/N*2 in both
cases (we deal always with quintets), we can expect
that conclusive formulae arising from (19) will give
more accurate estimates for @ than those arising from
(14).

The reader can generalize the above method to the
cases in which, for a given H, (11) can be satisfied by
more matrices R, and more sets {h}. Thus, in P2,2,2,,
when H = (008) the two matrices

1 00O 1 00
R,={0 1 O and R;=0 1 0
0 0 1 0 0 1
and, correspondingly, the two sets {h04} and {0k4}

satisfy (11).

A probabilistic approach for the estimation of the
one-phase s.s.’s via the magnitudes contained in their
generalized second phasing shells is described in the
next paper (Giacovazzo, 1980b).
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4. The generalized upper phasing shells for one-phase
s.s.’s of first rank

The generalized third representation is the collection of
the special septets in

{(Wh={¥,+ o, — O, SsP=1...,m'/2}
and in
(P} = 1Y)+ o, — 0w, hp=1,..,m/2}.

The generalized third phasing shell is then the set of
magnitudes which are basis or cross terms of at least
one septet in the generalized third representation.

The definition of the upper phasing shells is now
trivial.

5. The generalized second phasing shell for two-phase
s.s.’s of first rank

D = @y + Pp_y IS @ 8.5, 0N PI. In accordance with
§ 2 its first representation is given by the collection of
quartets

Y= Onik+ Phok— Oh— Vpo
Y= Ohik— Crhok— Ok — P
from which
{B}l = {Rhik, Rh, Rk, Rzm Rzk}-

In accordance with §2.6, if ¢,., and ¢,_, are
themselves s.s.’s, then

{B}g = {RIHk’ Ry Ry Rops Ry, R\}(htk)}'
The second representation is the collection of sextets
)= 0hek* Ook— Pu— On+ O1— P (20)
Y= Ohik— Prox — O — o+ o — o, (207)
where lis a free vector in reciprocal space. Then,
{B}Z = {Rhik’ Rh’ Rk? R2h’ R2k’ RI, Rhtkil’ Rhih Rk:lﬁ
R 2htl RZkil}'
In conclusion, 6 and 19 magnitudes are in the first and
second phasing shells of @ respectively.

However, besides the sextets in (20) and (20'), the
sextets

Y= Ohikt Ok — Phst— Pu+ 01+ @, (20")
¥y = Opek— Ohok— Oxe1— Okt + Q1+ O
(20!11)

also give information about @. If besides 1, —I is also
used in (20'") and (20"'), then we say that the
generalized second representation of @ is the collection
of sextets ¥, ¥ ¥j, ¥y, when | varies over the

PROGRESS IN REPRESENTATIONS THEORY

asymmetric region of reciprocal space. The generalized
second phasing shell of @ is then

{B}% = {Rhik’ Ry Ry Ryps Ry Ry
Rhikil’ Rhib Rkil’ RZhib RZkil’ R;;.) RZ(htl)’
Rz(kil)’ Rhikﬂl}-

As we see, 28 magnitudes are contained in the
generalized second phasing shell of @ in P1.

If ¢y, and @,_, are themselves s.s.’s, the set { B} will
include the magnitudes Ry, too.

The above procedure may be extended to any space
group in the following way. @ = ¢, + ¢, = @, _p, +
@_nr,+nRr, is the more general expression of a two-
phase s.s. of first rank (Giacovazzo, 1979). Its first
representation is the collection of the quartets

¥ =0, + Our, + Onr,~ Pnr,
(A
V1=, + Our, + Onr,— Pnr,

where h, and h, are free vectors under the condition

h,—h,=u
—h, R, + h,R,=v.

The sets of the vectors h, and h, will be denoted by {h,}
and {h,} and the sets of corresponding magnitudes by
{R,}and {Ry,}. Then,

{B}, ={Ruw Ry { Ry} { Ry s { Ry r —r )t
{R hy(R,— R,,)}’ {RuRq + h, Rp}’ {Rv{-hzkp} } >

where {R, & r){s ..., {R,.nr} are sets defined
according to the specified conditions on h, and h,.

Joint probability distributions involving all the E’s in
{B}, have been studied by Giacovazzo (1979). The
conclusive formulae, estimating @ given {B},, were
tested in all the space groups up to orthorhombic: they
can secure a good estimate of several two-phase s.s.’s
(Giacovazzo, Spagna, Vickovi¢ & Viterbo, 1979).

If ¢, and ¢, are themselves one-phase s.s.’s, then, in
accordance with § 2.6,

{B}g] = {Rus Rv, {Rhl}s {Rh2}9 {Rh,(R‘,-—Rp)}’ {Rh:(qukp)}s
{RuRq+th”}’ {Rv+h1R‘,}’ {Rk,}’ {sz}}9 (21)

where {Rk,} and {sz} are the sets of the magnitudes
belonging to the first phasing shells of ¢, and ¢,
respectively.

If at least one of ¢, and ¢, is non-centrosymmetric,
then the cross vectors of the quartets which estimate
2¢ must also be included in { B}¢. The algebra of these
very special quartets in all the non-centrosymmetric
space groups up to orthorhombic is described by
Giacovazzo & Vickovic (1980).
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By means of the quartets in the first representation,
the collection of the sextets

Oyt Qur, t Pn,r,— Phr, T O1— Pp (22)
Oyt Qur,t Por,— Pnr, T O1— P (227)

can be constructed. In a centrosymmetric space group
and for fixed h,, h, and 1, one may obtain the sets of
sextets

Yy=0,+ Qur,+ Pnr,— Pnr, + PR, — PiR)
j=1,...,m/2, (23)

Py=0+ Our,+ Onr,— Pnr,+ OR,— Or;
j=1,...,m/2. (239

In (23) and (23'), j varies over the subset of matrices
not related by the centre of symmetry. The second
representation of @ is then the collection of the special
sextets (23) and (23’) obtained when h, and h, vary
over {h,} and {h,} respectively and 1 only over the
asymmetric region of reciprocal space. The second
phasing shell is then

{B}z = {Ru, R, {Rhl}’ {ha}’ {Rhl(Rq-Ra)}a {Rh,(R,,—R,)}’
RuRq+h1Rp}9 {Rv+h1RP}3 {Ruilkj}’ {Rvilﬂ,}’

Ry, + m,}’ {Rm + IR,}’ {Rh,(Rq- R)* m,}a

{
{
{ha(krkp)im,}’ {Run,,a,h,n,ﬂal},
{ j=1,...,m/2}. (24)

In a way strictly analogous to that used for the
one-phase s.s.’s, (24) is shown to represent the second
phasing shell for non-centrosymmetric space groups
too, provided m replaces m/2 in the algebraic ex-
pression.

We observe now that, besides (22) and (22’'), the
sextets

Rv+h,R,¢|R,}s

Ovt Qur, + PR, ™ P(hy+0R, ¥ PR, ™ PR
Pv+ Our,t P, +0R,— Ph,+DR, T PIR,— ViR

also give information about @. The important struc-
tural difference between the above sextets and those in
(22) and (22') is the following: the sextets in (22) and
(22’) are constructed by adding and subtracting to the
quartets in the first representation of @ the phase ¢,
whereas the above sextets are the sum of a special
four-phase s.s. and of a constant arising because of
translational symmetry. In a centrosymmetric space
group of order m and for fixed h,, h,, ], we may
construct the sets

V) =0, + 0w, + O+ iR)R,— P+ IR)R, + PIR,R,

—Orgry j=1,...,m/2, (25)
' = @u+ Qur,— O, + 1R )R, P(h,+R)R, T PIRR,
—Omrpy, J=1...m/2. (25"
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The generalized second representation of @ is now the
collection of the special sextets (23), 23’), (25) and
(25') obtained when h, and h, vary over {h,} and {h,}
respectively and 1 only over the asymmetric region of
reciprocal space. The generalized second phasing shell
is then

{BI§={R, R, {Ry}, {Ry}s {Ryr )

{Rh(k R)} {Runq+h,np}’ {Rv+h,R,}’

{RuHR bR v+lR,}’ {Rhlth, }, {hailkl}’

{Rh(R -R )+IR,} {Rh,(k,,—n,,)im,}a

{R uR,+h,R +|k,} {Rv+h,R,1|R,}, {RI(RF—RQ)L

{Ry, J(R,—R )+ (R, — R)R,} {ha(Rp—Rq)tl(R‘,—Rq)R,}’

{ Ry c1r,+ roR, b (R, 1R, + RR,},

{R u+ (R, —R,,)R,} {RV+I(R —Rq)k,}

{R v+h R,+I(R,+R)R, 3 {RuRq+h,Rpil(Rp+Rq)R,}’

j=1..,m/2}, (26)
Eth}Ch is able to exploit much more information than
Bi,.

As previously suggested, (26) represents the second
phasing shell for non-centrosymmetric space groups
too, provided m replaces m/2 in the algebraic ex-
pression.

If ¢, and ¢, are themselves s.s.’s, then {B}§ will
include the same sets of magnitudes {R, } and {R,}
included in (21). If at least one of ¢, and ¢, is
non-centrosymmetric then also the cross vectors of the
quartets which estimate 2 @ must be included in { B}%.

The procedure so far described may be generalized
to the cases in which, for given u and v, more pairs of
matrices (R,, R,) and more pairs of sets ({h,}, {h,})
satisfy the equations

h,—h,=u
—l‘llRp+ thqz V.

Upper phasing shells of @ can be found on the basis of
§ 4.

6. The generalized phasing shells of the s.s.’s of high
order

The algebraic procedure so far described enables one to
obtain the generalized phasing shells of the s.s.’s of high
order. With a view to making the reading of this paper
easy we briefly deal only with the case of the
three-phase s.s.’s.

_The first representation of @ = ¢y + @, + @y, 420
P1 is the collection of the quintet invariants

(27)
277)

Yi=0n+ Ox— Opsrea + 20
VY = —0h+ Ox— Onirsz + 20h+15
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P = Oh— Ox— Onereat 2041 27"
PV = —0h— Ok — Oniksa— 20h.ke 27")
whose first phasing shell is

{B }'1 = {Rh’ Ry Rh+k+2l9 R, Rh+|’ Ry, Ryrgars Rh+k’
Ry_x> Ry 21 Ryt Riys2ics 2 Ronsws 2 Raps
(28)

R Roeaw Roneaiaan -
A probabilistic formula which estimates @ via its first
phasing shell has been described by Giacovazzo
(1978b).

The generalized first phasing shell {B}4 may be
constructed via the procedure described in § 2.6 [see
also Giacovazzo (180a) for some practical examples].
The second representation of @ is the collection of the
septets

V= ¥+ 0,— 0p (29"

y]élllz q]lllll + (op___ (op’ (29””)
where p is a free vector in reciprocal space.

Besides (29), the following septets may also be
formed, all giving information about @:

Out Ox— Onaksnt 201,— 20, (30"
—Pp+ Ok~ Pnaxent 20hi1ip— 20, (30™)
Pt Ou— Pnarsat 20k.14p— 20, (30")
—Put Ok~ Phiksut 20hks14p 20, (3077)

The generalized second representation is the collection
of the septets (29) and (30). Consequently, the
generalized second phasing shell is the set of magni-
tudes which are basis or cross terms of at least one
septet (29) or (30). In accordance with the preceding
paragraph, if ¢, @y @n. . Or their combinations are
themselves s.s.’s, then {B}§ contains also the magni-
tudes belonging to their first phasing shells. )
In space groups with symmetry higher than P1 it
was shown (Giacovazzo, 1980a) that the more general
expression for a three-phase s.s. of first rank is

D=0, + @+ 0= Ph-nR,+ Ph,— bR, T Ph—nir,

where Rﬁ, R,, R, are suitable rotation matrices and h,,
h,, h; are free vectors in reciprocal space which satisfy
the condition

h]‘—hz szul
h,—h,R,=u, 31)
h;—h R, =u;.

We will denote by {h,}, {h,}, {h;} the sets described by
h,;, h,, h, respectively.

PROGRESS IN REPRESENTATIONS THEORY

A formula which estimates @ in P2, via suitable
subsets of its first representation has been secured by
Hauptman & Potter (1979). It may be noted that more
trios of rotation matrices (R,, R;, R,) can satisfy (31)
so that more trios of sets ({h,}, {h,}, {h;}) can
correspondingly be derived.

The first representation is the collection of the special
quintets (32):

Ou,+ Our,* Qurr,— Pn,+ Por.RRy (327
Pur,Rr,t Pu,t Pur, — Pn, T PnRrR. R (32")
Our, + PurRr, T Pu,— Pt OuRrR.R, (32")

The first phasing shell is the collection of the magni-
tudes which are basis or cross terms of at least one s.i.
in (32). For the generalized first phasing shell see § 2.6.
The second representation of @ is the collection of the
septets obtained by adding and subtracting to each s.i.
in (32) the same phase ¢, where p is a free vector in
reciprocal space:

(¥, =¥, + 0,— ,. (33)
Besides (33),
Out Qur, t Qurr,~ Piny+p) T Pivy+pR,RR, T Py
— DpRr, R Ry (34")
Pur,r, T Pu,t Our, — Ohyepy + P+ pRR.R, T Pp
— PpRr,R,R (34")

and

Pur, T Qurr, T Qu, = Pinyep) ¥ Py pR,RR, T ©p

(34/”)

also give information about @. The collection of the
septets (33) and (34), when 1 varies over reciprocal
space and (R_, R, R)), (h, hy,, h;) over the
corresponding sets of rotation matrices and vectors
satisfying (31), is defined to be the generalized second
representation of @. The generalized second phasing
shell is consequently defined. For upper rep-
resentations the technique described in §4 can be
applied.

— DR RyR,

7. Conclusions

The generalized representations of the s.s.’s of first rank
have been defined together with an algebraic method
for obtaining them. When generalized representations
are used instead of the mere representations, a new
amount of a priori information is available: it is
therefore expected that more accurate estimates of the
s.s.’s can be obtained.

So far, the idea of generalized representation has
been applied to: (a) the estimation of the centro-
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symmetric two-phase s.s.’s of first rank via their
generalized first representations (Burla, Nunzi,
Giacovazzo & Polidori, 1980); (b) The estimation of
the non-centrosymmetric two-phase s.s.’s of first rank
via their generalized first representations (Busetta,
Giacovazzo, Spagna & Viterbo, 1980); (¢) The
estimation of the one-phase s.s.’s of first rank via their
generalized second representations (Giacovazzo,
1980b).

The results obtained in (a) and (b) improve previous
results (Giacovazzo, Spagna, Vickovic & Viterbo,
1979). It may be expected that the application of the
probabilistic theory in (¢) will be successful too. The
application of the generalized upper representations to
two- and three-phase s.s.’s is a difficult but not
prohibitive task.

APPENDIX
Symbols and abbreviations

m =number of symmetry operators in the space
group

N = number of atoms in the unit cell

E, = normalized structure factor

R, = magnitude of the normalized structure factor

C, = (R, T,) = pth symmetry operator

R, = pth rotation matrix of the point group

Acta Cryst. (1980). A36, 711-715
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T, =translation vector associated with the pth
rotation matrix of the point group

I =identity 3 x 3 matrix

s.l. = structure invariant

s.s. = structure seminvariant
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Abstract

The concept of generalized second representation
[Giacovazzo (1980). Acta Cryst. A36, 704—711] has
been used in order to estimate the one-phase structure
seminvariants of first rank.

1. Introduction*®

In a preceding paper (Giacovazzo, 1978; from now on
paper I), the estimation of the one-phase s.s.’s of first

* Symbols and abbreviations are defined in the Appendix.
0567-7394/80/040711-05$01.00

rank was carried out by means of the joint probabiilty
distribution method. The a priori information exploited
in the calculations was chosen according to the theory
of representations of the s.s.’s (Giacovazzo, 1977). In
particular, any one-phase s.s. @ was estimated via its
second representation: that is to say, the knowledge of
the diffraction magnitudes belonging to the second
phasing shell of @ was exploited in order to give a
probabilistic estimate of ®.

Burla, Nunzi, Polidori, Busetta & Giacovazzo (1980)
showed that the estimates of the one-phase s.s.’s via
their second representation are in general considerably
more accurate than the corresponding estimates via the
>, relationships (Hauptman & Karle, 1953; Cochran
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